Introduction
Given a locally compact group G and compact subgroup K ⊆ G, the pair (G, K) is called a Gelfand pair if L 1 (G//K), the space of integrable, K-biinvariant functions on G, is commutative. Perhaps the best known examples are those defining symmetric spaces, that is, when G is a connected semisimple lie group of finite center, and K is a maximal compact subgroup. The analysis associated with such pairs plays an important role in the representation theory of semisimple lie groups and has been extensively developed in the last four decades.(cf.e.g. [2] , [3] ).In sharp contrast to this case, one might begin by assuming that G is a solvable lie group. But then, if G is simply connected for example, there maybe no non-trivial compact subgroups. One can, however, consider pairs of the form (K ⋊ G, K), where K is a compact subgroup of Aut(G), the group of automorphism of G.
We study the connected, simply connected free two-step nilpotent lie groups F (n) for two reasons. Firstly, for any nilpotent lie group N and a compact group K ∈ Aut(N ), (K ⋊ N, K) is a Gelfand pair if and only if N is at most two step. Secondly, every two-step nilpotent lie group is a quotient of a free two step nilpotent lie group. Therefore, the connected, simply connected free two-step nilpotent lie group F (n) is defined in Section 2. We construct an isomorphism between the heisenberg group and some group with respect to F (n). Then we get the "type 1" and "type 2" bounded O(n)-spherical functions. Note that for the 2-step nilpotent lie group N , and the Gelfand pair (K, N ), the bounded K-spherical functions are the same as the positive definite K-spherical functions [4] . In fact, this is not true in general for the semisimple case.
Our focus here is on the topology of the bounded "type 1", "type 2" O(n)-spherical functions respectively, where the usual weak*-topology coincides with the compact-open topology on ∆(O(n), F (n)). Our main result is stated as Theorem 4.1. It asserts that a "type 1" bounded O(n)-spherical sequence (ψ N ) ∞ N converges to a "type 1" bounded O(n)-spherical funtion ψ if and only if L γ j (ω λ N ,α N ) → L γ j (ω λ,α ), where i = 1, · · · d; T (ω λ N ,α N ) → T (ω λ,α );γ N → γ.Here L γ 1 , · · · L γ d , T is a generator of the algebra D k (H n ), which means the left-H n -invariant and K-invariant differential operators on H(n). And ω λ N ,α N , ω λ,α are the "type 1"bounded K spherical functions on H(n).γ N , γ are the parameters that will be introduced later. We require a careful analysis of the behavior of such eigenvalues, and these results are described in Section 3.
We refine our description of the topology on the Gelfand space by proving two final results. Theorem 4.5 asserts that ∆(K, F (n)) is complete. That is, if a sequence of bounded K-spherical functions converge to some function in the compact-open topology, then the limit is necessary a bounded K-spherical function. Later, we will asserts the the "type 1" bounded O(n)-spherical functions are dense in ∆(O(n), F (n)). Section 5 contains a description of the Godemental-Plancherel measure and the O(n)-spherical transform and then gives a definition for the Fouier transform induced by the "type 2" bounded O(n)-spherical functions. Also, we obtain some important properties about it.
Notation and Preliminaries
In this section, we will introduce some basic knowledge and significant results about the free two-step nilpotent lie group. First Definition. Let N p be the (unique up to isomorphism) free two-step nilpotent Lie algebra with p generators. The definition using the universal property of the free nilpotent Lie algebra can be found in [7, Chapter V 5] . Roughly speaking, N p is a (nilpotent)Lie algebra with p generators X 1 , · · · X p , such that the vectors X 1 , · · · X p and X i,j = [X i , X j ], i < j form a basis; we call this basis the canonical basis of N p .
We denote by V and Z, the vectors spaces generated by the families of vectors X 1 , · · · X p and X i,j = [X i , X j ], 1 i < j p respectively; these families become the canonical base of V and Z. Thus N p = V Z, and Z is the center of N p . With the canonical basis, the vector space Z can be identified with the vector space of antisymmetric p × p-matrices A p . Let
The connected simply connected nilpotent Lie group which corresponds to N p is called the free two-step nilpotent Lie group and is denoted N p . We denote by exp:N p → N p the exponential map.
In the following, we use the notations X + A ∈ N ,exp(X + A) ∈ N when X ∈ V, A ∈ Z. We write p = 2p ′ or2p ′ + 1. A Realization of N p . We now present here a realization of N p , which will be helpful to define more naturally the action of the orthogonal group and representations of N p .
Let (V, <, >) be an Euclidean space with dimension p. Let O(V) be the group of orthogonal transformations of V, and SO(V) Its special subgroup. Their common Lie algebra denoted by Z, is identified with the vector space of antisymmetric transformations of V. Let N = V Z be the exterior direct sum of the vector spaces V and Z.
Let [, ] : V × V → Z be the bilinear application given by:
We also denote by [, ] the bilinear application extended to N × N → N by:
[., .] N ×Z = [., .] Z×N = 0 This application is a Lie bracket. It endows V with the structure of a two-step nilpotent Lie algebra.
As the elements [X, Y ], X, Y ∈ V generate the vector space Z, we also define a scalar product < > on Z by:
It is easy to see V as a realization of N p when an orthonormal basis
′ >, and so we have for an antisymmetric transformation A ∈ Z, and for X, Y ∈ V:
This equality can also be proved directly using the canonical basis of N p . Actions of Orthogonal Groups. We denote by O(V) the group of orthogonal linear maps of (V, <, >), and by O p the group of orthogonal p × pmatrices.
On N p and N p . The group O(V) acts on the one hand by automorphism on V, on the other hand by the adjoint representation Ad Z on Z. We obtain an action of O(V) on N = V Z. Let us prove that this action respects the Lie bracket of N . It suffices to show for X, Y, Z ∈ V and k ∈ O(V):
We then obtain that the group O(V) and also its special subgroup SO(V). acts by automorphism on the Lie algebra N , and finally on the Lie group N .
Suppose an orthonormal basis X 1 , · · · X p of (V, <, >) is fixed; then the vectors 
On A p . Now we describe the orbits of the conjugate actions of O p and
where J := 0 1 −1 0 ((0) means that a zero appears only in the case p = 2p ′ + 1) Furthermore, we can assume that ∧ is in L, where we denote by L the set of
To each ∧ ∈ L, we associate:p 0 the number of λ i = 0, p 1 the number of distinct λ i = 0, and µ 1 , · · · µ p 1 such that:
We denote by m j the number of λ i such that λ i = µ j , and we put m 0 := m ′ 0 := 0 and for
, let pr j be the orthogonal projection of V onto the space generated by the vectors
Let M be the set of (r, ∧) where ∧ ∈ L, and r ≥ 0, such that r = 0 if 2p 0 = p.
Expression of the bounded spherical functions. The bounded spherical functions of (N p , K) for K = O p , are parameterized by (r, ∧) ∈ M (with the previous notations p 0 , p 1 , µ i , pr j associated to ∧), l ∈ N p 1 if ∧ = 0, otherwise ∅. Let (r, ∧),l be such parameters. Then we have the following two types of bounded O(n)-spherical functions:
For n = exp(X + A) ∈ N . Type 1:
Here X * p is the unit K ρ -fixed invariant vector. For a Gelfand pair (H p 0 , K(m; p 1 ; p 0 )), we have ω ∧,l is the "type 1" bounded K(m; p 1 ; p 0 )-spherical functions for the Heisenberg group H p 0 . We will introduce it next. Ψ 2 is an isomorphism between H p 0 with a group with respect to F (n), which will be introduced later.
We use the following law of the Heisenberg group H p 0 :
The expression of spherical functions of (H p 0 , K(m; p 1 ; p 0 )) can be found in the same way as in the case m = (p 0 ),
The aim of this paragraph is to describe the stability group
Before this, let us recall that the orthogonal 2n × 2n matrices which commutes with D 2 (1, . . . , 1) have determinant one and form the groupSp n O 2n . This group is isomorphism to U n ; the isomorphism is denoted ψ (n) 1 , and satisfies:
∀k, X: ψ
where:
Proof. We keep the notations of this proposition, and we set A * = D 2 (∧) and X * = rX * p . It is easy to prove: K ρ = {k ∈ K : kA * = A * k and kX * = X * k}. If ∧ = 0, since K ρ is the stability group in K of X * ∈ V * ∼ R p . So the first part of Proposition 2.2 is proved.
Let us consider the second part. ∧ = 0 so we have
From above computation, the matrices k and A * commute and we have:
furthermore, k 2 .X * = X * , and the matrices k 1 and
, and one the other hand, [
Quotient group N = N/kerρ. In this paragraph, we describe the quotient groups N/kerρ and G/kerρ, for some ρ ∈ N . This will permit in the next paragraph to reduce the construction of the bounded spherical functions on N p to known questions on Euclidean and Heisenberg groups. For a representation ρ ∈ N , we will denote by:
kerρ the kernel of ρ. N/kerρ its quotient group and N its lie algebra.
(H, ρ) the induced representation on N . n ∈ N and Y ∈ N the image of n ∈ N and Y ∈ N respectively by the canonical projections N → N and N → N Now, with the help of the canonical basis, we choose
as the maxiamal totally isotropic space for ω D 2 (∧),r . The quotient lie algebra N has the natural basis: . You can refer to [6] .
Here, we have denoted |∧| = (
Let N 1 be the Lie sub-algebra of N , with basis X 1 , · · · , X 2p 0 , B, and N 1 be its corresponding connected simply connected nilpotent lie group. We define the mapping : Ψ 2 :
We compute that each lie bracket of two vectors of this basis equals zeros, except:
[ Finally, we note that q 1 : N → N 1 is the canonical projection.
3. some analysis on the heisenberg group H n The whole parts of this section can be referred from [7] . A result due to Howe and Umeda (cf. [8] ) shows that C[v R ] K is freely generated as an algebra. So there are polynomials
From now on, we always suppose (K, H n ) is a Gelfand pair, and if this is true, D K (H n ) is an abelian algebra.
We define p(Z, Z) as follows:
Note that the operator L p is intrinsically defined, whereas p(Z, Z) depends on the basis used to identify V with C n . One has
where Sym is the linear map characterized by
Here, as usual, |a| = a 1 +· · · a n and σ(Z a Z b ) denotes the result of applying the permutation σ to the |a| + |b| terms in Z a Z b .
For a d-multi-index a, let γ a := γ
. Using the definition of the map ∼ S , together with the fact that [Z j ,
Therefore, For any H n -spherical function ψ. ψ is an eigenfunction for ev- 
Lemma 3.5. L pα is a real number with sign (−1) |α| for all α ∈ ∧ and ψ ∈ △(K, H n ). 
Here, convergence is absolute and uniform on compact subsets in H n .
Proof. The expansions for φ λ,α (z, t) and η w (z, t) follow immediately from that for ψ(z, 0) together with Lemmas 3.4 and 3.3. It is a general fact that the spherical functions for a Gelfand pair (G, K) are real analytic (cf. Proposition 1.5.15 in [1] ). For pairs of the form (K, H n ), one can see this directly from the functional forms of the two types of K-spherical functions. Write the Taylor series expansion of ψ(z, 0) centered at z = 0 as ψ(z, 0) = ∞ m=0 h m (z), where h m (z) is a homogeneous polynomial of degree m on V R (i.e. in the variables (z, z)). Since ψ is K-invariant, one sees by Kaveraging this expression that each h m is K-invariant. As {p δ | δ ∈ ∧} is a basis for C[V R ] K , we can rewrite the Taylor series as ψ(z, 0) = δ∈∧ c δ p δ (z) for some coefficients c δ . Note that since Taylor series converge absolutely, it is not necessary to specify an ordering on the set ∧ of indices for this sum. We use Lemma 3.2 and perform term-wise differentiation of this Taylor series to obtain L pα (ψ) = ∂ pα (ψ)(0, 0) = δ∈∧ c δ ∂ pα (p δ )(0).
Let {v 1 , · · · , v dim(Pα) } be an orthonormal basis for P α and {u 1 , · · · , u dim(Pα) } be an orthonormal basis for P δ . Thus
Hence L pα (ψ) = c α dim(P α ) and c δ = L pα (ψ)/dim(P δ ). Since this is a Taylor series, the convergence is absolute and uniform on compact sets.
The proof of the main theorem
Theorem 4.1. Let (ψ N ) ∞ N =1 be a
sequence of bounded O(n)-spherical functions of type 1, and ψ is a bounded O(n)-spherical function of type 1. Then ψ N converges to ψ in the topology of △(O(n), F (n))(i.e.uniformly on compact sets) if and only if L
Form [6] , we can find a K-fixed vector X ∈ N p (i.e.k.X = X, ∀k ∈ K). Let n t = exp(tX),−∞ < t < ∞. From Theorem 3.8, we obtain
2 (q 1 (exp(X)) Differentiate with respect to t respectively we have
2 (q 1 (exp(X)))). Therefore, r N → r. Next, we choose a skew symmetric matrix A such that
Differentiate with respect to t respectively and let t = 0, we obtain
Finally, suppose |∧| = n, we find X 1 , · · · , X n ∈ N p such that < X * p , X 1 > , · · · , < X * p , X n > are different from each other as well as
(exptX m ) converges uniformly to φ ν γ,λ,α (exptX m ) and γ N → γ. We obtain:
Here m = 1, · · · , n. Differentiate with respect to t j times, where j = 1, · · · , n − 1 and let t = 0, we get
. . .
Also, r N := |α N | must converges to |α|. Thus, both (λ N ) and (γ N ) are bounded sequences and we choose constants
Choose constant C 3 and C 4 with
Since S is a compact set, K is also a compact set, S ′ is a compact set. Here P r V : (z, t) → z and P r T : (z, t) → t.
Thus, we have
And therefore, for P r 
Differentiate with respect to t and let t = 0, we obtain
is a sequence of bounded-O(n)-spherical functions that converges uniformly to ψ on compact subset in F (n), then ψ is a bounded O(n)-spherical function.
Proof. It is clear that ψ is continuous, O(n)-invariant and bounded and ψ(e) = 1.
The second main theorem and some other results
The
Here dn denote the haar measure for the group F (n). One has
The compact open topology is the smallest topology makes all of the
} is a Banach, * -algebra with respect to the involution f → f * , it follows that f belongs to the space C 0 (△(O(n), F (n))) of continuous functions on △(O(n), F (n)) that vanish at infinity. Moreover, we have f
This follows immediately from the fact that for ψ ∈ △(O(n), F (n)) one has |ψ(n)| ≤ ψ(e) = 1, since ψ is positive definite.
Godement's Plancherel Theory for Gelfand pairs (cf. [9] or Section 1.6 in [1] ) ensures that there exists a unique positive Borel measure dµ on the 13 space △(O(n), F (n)) for which (5.4)
) is continuous and f is integrable with respect to dµ, then one has the Inversion Formula.
In particular, this formula holds when f is continuous, positive definite and K-invariant. Moreover, the spherical transform f → f extends uniquely to an isomorphism between
We define the following measure on L:
where the constant c is some constant. Over R + , we define the measure τ given as the Lebesgue measure if p = 2p ′ + 1, and the Dirac measure in 0, if
Note that m * is given as the tensor product of η ′ on L, and the counting measure on N p ′ , and the measure τ on R + , up to the normalizing constant c(p). According to the definition of dη ′ , the second type of the bounded O(n)-spherical functions has no compact on the above formula. Proof. Take a point r ∈ R + , and suppose that φ r,0 is not in the closure of {φ r,|λ|,α | r ∈ R + , |λ| ∈ R + , α ∈ ∧}. △(O(n), F (n)) is metrizable, hence it is completely regular. So we can find a continuous function J : △(O(n), F (n)) → R with J(φ r,0 ) = 1, J(φ r,|λ|,α ) = 0 for all r ∈ R + , |λ| ∈ R + , α ∈ ∧. We can assume that J has compact support.
(See for example, § 14 in chapter 3 of [12].) Thus we can find a sequence (j N ) in L 1 K (F (n)) with j N → J uniformly on △(O(n), F (n)). We can assume that each j N is continous and compactly supported. Moreover, since J is real-valued, we can assume that j * N = j N . Similar to the proof of Proposition 3 in [10] shows that one can find an approximate identity (a s ) s>0 in L 1 K (F (n)) with a s compactly supported in △(O(n), F (n)) for all s > 0. For s sufficiently small, one has a s (φ r,0 ) > 3 4 . moreover, for each s one sees that (a s * j N ) ∧ = a s j N converges uniformly to a s J as N → ∞. Thus we can choose s 0 sufficiently small and N 0 sufficiently large that g = a s 0 * j N 0 satisfies a s (φ r,0 ) > 1 2 and a s (φ r,|λ|,α ) < 1 4 for all r ∈ R + , |λ| ∈ R + , α ∈ ∧ Note that g is continuous, integrable, square-integrable and g * = g. Dixmier's functional Calculus (cf. [11] ) ensures that "sufficiently smooth functions operate on L 1 K (F (n))." Thus if ζ : R → R is sufficiently smooth with ζ and its derivatives integrable and ζ(0) = 0, then there is a function
with the property that f = ζ g. We choose a ζ with ζ(t) = 1 for t > . Then F = f = ζ{g} satisfies F (φ r,0 ) = 1 and F (φ r,|λ|,α ) = 0 for all r ∈ R + , |λ| ∈ R + , α ∈ ∧.
Now theorem 5.6 shows
From this and equation (5.4), we obtain F = 0 a.e. on △(O(n), F (n)). In particular, F is integrable on △(O(n), F (n)) and we apply formula (5.5) to conclude f ≡ 0 on F (n). This implies that F = f is identically zero on △(O(n), F (n)), which contradicts F (φ r,0 ) = 1.
We define the 
